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■ Abstract 



We give an intrinsic characterization of the restrictions of Sobolev VF^ (R"), 



p 

, Triebel-Lizorkin Fpg(R") and Besov Bp^CR^) spaces to regular subsets of R" via 

• ■ sharp maximal functions and local approximations. 



> 

(N 

OO ■ 1. Main definitions and results. 

^ ■ The purpose of this paper is to study the problem of extendability of functions defined 

■ on measurable subsets of R" to functions defined on the whole space and satisfying 
certain smoothness conditions. 



! We will consider three kinds of spaces of smooth functions defined on R". First we 

^ ! deal with classical Sobolev spaces, see e.g. Maz'ja [27]. We recall that, given an open 
G ■ set C R", A; G N and p G [1, oo], the Sobolev space Wp{il) consists of all functions 
^ ■ / G Li /oc(fi) whose distributional partial derivatives on fl of all orders up to k belong 
X to Lp{n). Wf{n) is normed by := E{P"/IU,(Q) : |«| < k}. 

There is an extensive literature devoted to describing the restrictions of Sobolev 
functions to different classes of subsets of R". (We refer the reader to [27, 28, 3, 4, 12, 
22, 16, 31] and references therein for numerous results and techniques in this direction.) 
Let us recall some of these results. Calderon [14] showed that, if is a Lipschitz 
domain in R" and 1 < p < oo, then Wp(IV)\n = Wp{Q). Stein [38] extended this 
result for p = l,oo and Jones [24] showed that the same isomorphism also holds for 
every {e, 5)— domain and 1 < p < oo. 

Here as usual, for any Banach space {A, \\ ■ WX) of measurable functions defined on 
R" and a measurable set S C R" of positive Lebesgue measure, we let A\s denote the 
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restriction of A to S, i.e., the Banach space 

:= {/ : ^ R : there is FeA such that F\s ^ f a. e.}. 

We call the restriction space or the trace space of A to S. A\s is equipped with the 
standard quotient space norm 

ll/IUi, -inf{||F|U:Fe^,F|5 = / a. e.}. 

Our aim is to extend these results to the case of so-called regular subsets o/R". We 
define these sets as follows. 

Definition 1.1 A measurable set S C R" is said to be regular if there are constants 
6s > ^ and ^5 > such that, for every cube Q with center in S and with diameter 
diamQ < 5s, 

\Q\<6s\Qr\S\. 

Here \A\ stands for the Lebesgue measure of a measurable set A C R". We will also 
assume that all cubes in this paper arc closed and have sides which are parallel to the 
coordinate axes. We let Q{x,r) denote the cube in R" centered at x with side length 
2r. 

Regular subsets of R" are often called Ahlfors n-regular or n-sets [25] . Cantor-hke 
sets and Sierpihski type gaskets (or carpets) of positive Lebesgue measure are examples 
of non-trivial regular subsets of R" . 

We observe that the interior of a regular set can be empty (as, for instance, for a 
Cantor- like set or for a Sierpihski type gasket). Thus, to give a constructive character- 
ization of the restrictions of Sobolev functions to regular sets, we need an equivalent 
definition of the Sobolev spaces which does not use the notion of derivatives. 

There are several known ways of defining Sobolev spaces which do not use derivatives. 
In this paper our point of departure will be a characterization of Sobolev spaces due to 
Calderon. In [13] (see also [15]) Calderon characterizes the Sobolev spaces (R'^) in 
terms of Lp-properties of sharp maximal functions. 

Before we recall Calderon's result we need to fix some notation. Let Vk — 7'fe(R"), 
k > 0, denote the family of all polynomials on R" of degree less than or equal to k. 
We also put V-i := {0}. Given / G L„ ;oc(R")) < m < 00, and a cube Q, we let 
Sk{f')Q)Lu denote the normalized local best approximation of f on Q in L„-norm by 
polynomials of degree at most k — 1, see Brudnyi [7]. More explicitly, we define 

Qh. \Q\-i ,mf__ 11/ - = ^mf__ (^ l\f-P\"d^y- (1-1) 

In the literature Sk{f',Q)Lu is also sometimes called the local oscillation of /, see 
e.g. Triebel [40]. This quantity is the main object of the theory of local polynomial 
approximations which provides a unified framework for the description of a large family 
of spaces of smooth functions. We refer the reader to Brudnyi [5]- [10] for the main ideas 
and results in local approximation theory; see also Section 5 for additional information 
and remarks related to this theory. 
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Given a > and a locally integrable function / on R"^, we define its fractional sharp 
maximal function f^ by letting 

flix) := snpr-^£k{f;Q{x,r))L,. (1.2) 

r>0 

Here k := — [—a] is the greatest integer strictly less than a + 1. 

In [13] Calderon proved that, for 1 < p < oo, a function / is in IV^ (R"), if and only 
if / and fl are both in Lp(R"). Moreover, up to constants depending only on n, k and 
p the following equivalence, 

ll/lk,*(R") ~ II/I|l,(R") + ||/J|U,(R"), (1-3) 

holds. 

This characterization motivates the following definition. Given it > 0, a function 
/ £ Lu,ioc{S), and a cube Q whose center is in S, we let Sk{f;Q)Ly.{S) denote the 
normalized best approximation of / on Q in Lu(S')-norm: 

:= IQI-i WJ|/-P|U.,«n5, =,inf__ J/ - P|. d.) \ (1.4) 

By g, we denote the fractional sharp maximal function of / on S, 

fisi^) := supr""£fc(/;Q(a;,r))Li(5), x e S. 

r>0 

Here k{— — [— a]) is the same as in (1.2). Thus, /| = /^Rn . 
The first main result of the paper is the following 

Theorem 1.2 Let S be a regular subset o/R". Then a function f e Lp{S), 1 < p < oo, 
can be extended to a function F e VT^ (R") if and only if 

fls ■■= supr-'=£:fe(/;g(.,r))i,(5) G L,{S). 

r>0 

In addition, 

l|/lk,*(R")|5 ~ II/IIms) + WflshAS) (1-5) 
with constants of equivalence depending only on n, k,p, 9s and Ss- 

For k — 1 this theorem follows from a more general result proved in [37] for the case 
of a metric space equipped with a doubling measure. 

We now turn to the second kind of spaces of smooth functions to be considered 
in this paper, namely the Triebel-Lizorkin spaces Fp^(R"). The reader can find a 
detailed treatment of the theory of these spaces in the monographs [40, 41, 21, 30]. The 
scale Fpg{W) includes, in particular, the Bessel potential spaces i7p(R") = 2, 1 < 
p < 00, ([40], p. 11). These spaces which are also referred to in the literature as 
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fractional Sobolev spaces are generalizations of the Sobolev spaces in the following sense: 
i7^(R") = Wp{W) whenever /c G N and 1 < p < oo. 

Among the various equivalent definitions of Triebel-Lizorkin spaces, the most useful 
one for us is expressed in terms of local polynomial approximations: 

Given 0<s<A;, l<p<oo, l<g<oo, a function / e Lijoc(R"') and x e R", we 
put 



for g < oo and g{x) := sup{t " £k{f; Q{x,t))Lj_ : t > 0} for g = oo. Then / e F^g(R") 
if and only if / and g are both in L^(R"). Moreover, 

II/I|f^^,(r") ~ ll/IU^(R") + IblU^cR") (1-6) 

with constants depending only on n, q and k. This description is due to Dorronsoro 
[19, 20], Seeger [34] and Triebel [39]; see also [40], p. 51, and references therein for a 
detailed history of the problem. 

The second main result of the paper, Theorem 1.3, states that for a regular subset 
S C R", the trace space ^^^(R")!^ can be characterized in a way which is analogous 
to the preceding definition , i.e., in terms of local approximations of functions taken on 
the set S instead of on R". 

Theorem 1.3 Let S he a regular subset ofRP, 0<s<k,l<p< oo, and 1 < q < oo. 
Then a function f e Lp{S) can be eoctended to a function F e ^^^(R") if and only if 

(with usual modification for q = oo). In addition, 

■7£,(/;g(-,t)U,(5)V dt^ ^^^^ 

Lp{S) 



F-JR")\s ~ \\J \\LP{S) 



t' J t 



with constants of equivalence depending only on n, 9s, Ss, s,p, q and k. 

Observe that for Lipschitz domains in R" an intrinsic characterization of traces of 
F-spaces was given by Kalyabin [26]. For {e, (5)-domains such a characterization is due 
to Seeger [34]; see also Triebel [39]. 

Let us note two particular cases of Theorem 1.3. 

Remark 1.4 Recall that Wp{Ti"') = 2, 1 < p < 00. This and Theorem 1.3 imply 
one more intrinsic characterization of the restrictions of Sobolev functions to regular 
subsets, cf. (1.5): for every 1 < p < 00 

1 
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Remark 1.5 The space Fp^(IV^), s > 0,1 < p < oo, coincides with the space Cp(R") 
introduced by DeVore and Sharpley [17]; for non-integer s this space was independently 
considered by Christ [16]. (See also Triebel [40], p. 4^-50 for additional remarks and 
comments.) We recall that Cp(R"') consists of all functions f defined on R" such that 
f, fl e ^{W). Here fl is defined by formula (1.2) with A; = [s] + 1. 

Thus by Theorem 1.3 for every regular set S, every < s < k and 1 < p < oo, 

C;(R^)\s = {/ e LP{S) : sup t-'S,{f;Q{;t))L,is) e L,{S)}. 

0<t<l 

Observe that Devore and Sharpley [17] obtained an intrinsic characterization of the 
trace space Cp(R")|n where ^ is a Lipschitz domain in R"; for {e,S)-domain it was 
done by Christ [16]. 

Having dealt with Sobolev and Triebel- Lizorkin spaces we now turn finally to con- 
sider Besov spaces ^^^(R"). For a general theory of these spaces we refer the reader to 
the monographs [3, 40, 30] and references therein. See also Section 5 for definitions and 
a description of the Besov spaces via local approximations. This description provides 
the following equivalent norm on the Besov spaces: for all 1 < m < p < oo, < g < oo, 
and < s < A; 



B|,(R") ~ ||/||Lp(R") + 



|^fc(/;Q(-,^))LjlMR")V (t 

t 



(with usual modification if q — oo). Here constants of the equivalence depend only 
on n,s,k,p and q. This characterization (in an equivalent form, via so-called {k,p)- 
modulus of continuity in L„ , sec (5.3)) was obtained by Brudnyi [7]; we also refer to 
Triebel [40], p. 51, and references therein. 

Our next result. Theorem 1.6, states that, similar to Sobolev and F-spaces, a natural 
generalization of description (1.8) to regular sets provides an intrinsic characterization 
of the restrictions of Besov functions. 

Theorem 1.6 Let S be a regular subset of W^, 0<s<k, l<u<p<oo and 
< q < oo. Then a function f e Lp{S) can be eoctended to a function F e ^^^(R") if 
and only if 

[¥k{f-,Q{-,t))L.^S)\W(S)\' di^^ 







t' J t 

( sup t~^\\£k{f;Q{--,t))Lu{S)\\Lj,{S) <oo for q^ oo). In addition. 



0<t<l 



Bumis ~ \\j\\lp{s) + 



^ /||^fc(/;<3(-,^))L„(5)IUp(s) V dt 







t' J t 



(modification if q — oo). Here constants of equivalence depend only on n, 9s, Ss, s,p, q 
and k. 



5 



For intrinsic description of the Besov spaces on Lipschitz domains we refer the reader 
to Nikol'ski [29] and Besov [1, 2]; see also Rychkov [32]. The case of {e, 5)-domains was 
independently treated by Shvartsman [36], Seeger [34] and Devore and Sharpley [18]. 

Proofs of Theorems 1.2, 1.3 and 1.6 are based on a modification of the Whitney 
extension method suggested in author's work [35], see also [36]. 

A crucial step of this approach is presented in Section 2. Without loss of generality 
we may assume that S is closed so that \ S is open. By Ws = {Qk} we denote a 
Whitney decomposition of R** \ S, see e.g. [38]. 

We assign every cube Q — Q{xq, tq) G Ws a measurable subset Hq C S such 
that Hq C Q{xq, lOrg) fl S, \Q\ < ji\Hq\ whenever diamQ < 5s, and a family of sets 
Tis := {Hq : Q G Ws} has a finite covering multiplicity , i.e., every point x & S belongs 
to at most 72 sets of the family 7is- Here 71,72 are positive constants depending only 
on n and 9s- We call every set Hq e Hs a "reflected quasi-cube" associated to the 
Whitney cube Q. The existence of the family Hs of reflected quasi-cubes is proved in 
Theorem 2.4. 

The second step of the extension method is presented in Section 3. We associate 
every function / G Li io,.(iS'), and every Whitney cube Q G Ws of diamQ < 5s, a linear 
mapping Pq : Li{Hq) Vk-i which provides almost the best polynomial approxima- 
tion of / on Hq in the L^-metric for all 1 < u < 00. Thus 

11/ - PQfh^iHQ) ~ ^mf_^ 11/ - PWl^^Hq) 

with constants depending only on n, k and 9s- We put Pg/ := if diamQ > 5s- We 
define an extension / by the formula 

/» = (Extfe,5/)(x):= 5^ v'Ql^j^Q/l^), xeR^\S, (1.9) 

Q&Ws 

and f{x) ■-= f{x),x G S- Here {(pQ : Q G Ws} is a partition of unity subordinated to 
the Whitney decomposition Ws- 

This extension construction was first used in [35, 36] to obtain a description of the 
restrictions of Besov functions to regular sets. (In Section 5 we present details of this 
approach and some main facts related to the local approximation theory.) I am very 
thankful to Yu. Brudnyi for the excellent suggestion that the same construction might 
also yield a characterization of the restriction of Triebel-Lizorkin functions to regular 
sets via local approximations. 

We show that the extension operator / = Ext^^^ defined by (1.9) in some sense 
preserves local approximation properties of functions, see Theorem 3.6. For example. 
Theorem 3.11 states that for every cube Q — Q{x,r) such that x E S and r < 5s/ 4: 
and every 1 < u < 00 

^fc(/; Q{x, r))L„ < 7^fc(/; Q{x, 25r))L„(5) 

where 7 is a positive constant depending only on n, k, 9s and 5s- 

In Section 4 we study extension properties of certain generalized sharp maximal 
functions. These maximal functions determine both the norm in the Sobolev space and 
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the norm in the Triebel-Lizorkin space. Given a vector of parameters v := {s,k,q,u) 
where 0<s<A;, 0<q'<oo, 1<m<oo and a function / e L^jociS), we put 

(with the corresponding modification ii q = cxd). 

Theorem 4.1 presents point- wise estimates of via the Hardy-Littlewood ma- 

ximal function of / and fl^g- To formulate the result given a function h defined on S, 
we let denote its extension on all of R" by zero. We prove that for every 1 < u < oo, 
< s < k {or < s < k if q — oo) and every x e 

< 7{M{{fy-){x) + MM-){x)} (1.10) 

where Muf := (M(|/|"))^ and 7 = 7(n, k, s, 6s, Ss)- For instance, /| = /^^n whenever 
V := {a, k, 00, 1), see (1.2), so that by (1-10) for every < o; < A; we have 

(/)« (x) < ^mflsn^) + Mf\x)), X e R" 

Finally, applying the Hardy-Littlewood maximal theorem to inequality (1-10) we 
obtain the statements of Theorem 1.2 {v :— {k, k, oo,l)) and Theorem 1.3 {v :— 
(s,k,q, 1),0 < s < k). 

In turn the proof of Theorem 1.6 is based on estimates of the modulus of continuity 
of the extension / via local approximations of / on S. In Section 5 we prove that for 
every regular set S and every function / e Lp{S), 1 < p < 00, the modulus of continuity 
of order /c of / in Lp satisfies the following inequality 



Mf;t)L,<7t UJ^ j —j +\\f\\L,{s)y (1.11) 



Here < t < 1 and the constant 7 depends only on k, n,p, 6s and 6s- 

Similar estimates for the quantity \\Sk{f; Q{-,t))Lu\\LpiR") are given in Theorem 5.3. 
Using these estimates, description (1.8) and the Hardy inequality we obtain the result 
of Theorem 1.6. 

RemcLrk 1.7 Observe that the operator Extk^s defined by (1.9) provides a "universal" 
linear continuous extension operator from Wp{Y{J^)\s, F^^{W)\s and B^^{W^)\s into 
corresponding spaces on R". (The "universality" means that, for all sufficiently large 
k, the operator Extk^s depends only on the regular set S and is independent of the indices 
of the spaces). This allows us to complement the statements of Theorems 1.2, 1.3 and 
1.6 with the following assertion: 

There exists a linear extension operator mapping functions on S to functions on R" 
which is continuous from A\s into A whenever A is any one of the following spaces: 

(i) W^iYil") forl<p< 00, 

(ii) Fpg{W) for s > 0, 1 < p < 00, and I < q < 00, 
(Hi) 5p<j(R") /or s > 0, 1 < p < 00, < g < 00. 
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The norm of this operator is bounded by a constant which depends only on n, 6s, Ss 
and the parameters of the space A. 

For the Triebel-Lizorkin spaces the existence of a linear continuous extension opera- 
tor from Fp^(R"')|5 into Fpg(R"') where S is an arbitrary regular set, has been proved by 
Rychkov [31]. For the scale of the Besov spaces this follows from a result of Shvartsman 
[35], see also [36]. 

Remcirk 1.8 As we have noted above, our goal is to give a constructive intrinsic char- 
acterization of the restrictions of smooth functions to regular sets. The descriptions of 
trace spaces given in Theorems 1.2, 1.3 and 1.6 are not quite constructive, because they 
use the notion of the best local polynomial approximation of a function on a regular set, 
the quantity Ek{f]Q)Lu(s), see (I.4). 

However, following an idea of Yu. Brudnyi [9], we can readily eliminate this ele- 
ment of nonconstructivity. In fact, using Proposition 3.4 and the regularity of S, we 
immediately obtain the equivalence 



^k{f;Q{x,r))L, 



|Q|-^||/-Pr,,Qn5(/)|| 



LuiQnS), 



xe S, r < 1. 



Here 1 < m < 00 and Prfc.Qn5(/) ^ 'Pk-i denotes the polynomial of the best approxima- 
tion of f on Q n S in L2-norm. Of course there are many constructive formulas for 
calculation of this polynomial, see e.g. (3.4). For instance, for k = 1, one can take 
Pri,Qns(/) to be the average of f over Q H S so that in this case 



^i{f;Q{x,r))L^^s) 



1 

W\ 



Qns 



f- 



1 



ign^l 



fdy 



Qns 



dx 



xe S, r < 1. 



2. The Whitney covering and a family of associated "quasi-cubes" . 

Our notation is fairly standard. Throughout the paper C,Ci,C2, ... or 7,71,72,... 
will be generic positive constants which depend only on n, 6s, Ss and indexes of spaces 
{s,p, q, k, etc.). These constants can change even in a single string of estimates. The de- 
pendence of a constant on certain parameters is expressed, for example, by the notation 
7 = 7(n, k,p). We write A B ii there is a constant C > 1 such that A/C < B < CA. 

It will be convenient for us to measure distances in R" in the uniform norm 



\x\ 



:= max{|a;j| : i = l,...,n}, a; = (xi, G R". 



Thus every cube 



Q = Q{x, r) {y elC : \\y - x\\^ < r] 

is a "ball" in || ■ ||oo-norm of "radius" r centered at x. We let xq := x denote center of Q 
and rg := r its "radius". Given a constant A > 0, we let XQ denote the cube Q{x, Ar). 
By Q* we denote the cube Q* := ^Q. 

As usual given subsets A,Bci R", we put diam74 :— sup{||a — a'||oo : a,a' E A} 
and 

dist(^, B) := inf{||a - &||oo : a e A,b e B}. 
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We also set dist(a;, A) := dist({,T}, A) for x G R". By c\{A) we denote the closure of A 
in R". Finally, Xa denotes the characteristic function of A; we put = if ^ = 0. 
The following property of regular sets is well known (see, e.g. [37]). 

Lemma 2.1 | cl(S') \ 5*1 = provided S is a regular subset o/R**. 

In the remaining part of the paper we will assume that 5" is a closed regular subset 
of R". Since now R" \ S* is an open set, it admits a Whitney decomposition 1^5, see, 
e.g. Stein [38]. We recall the main properties of Ws- 

Theorem 2.2 Ws = {Qk} is a countable family of cubes such that 
(t). R" \ 5 = U{g : g G Ws}; 
(a). For every cube Q e Ws 

diamQ < dist((5,5') < 4diam(5; 

(Hi). Every point ofRP \S is covered by at most N = N{n) cubes from Ws- 

We also need certain additional properties of Whitney's cubes which we present in 
the next lemma. These properties readily follow from (i)-(iii). 

Lemma 2.3 (1). IfQ,K e Ws and Q* D K* $, then 

- diam Q < diam K < 4 diam Q. 
4 ^ 

(Recall that Q* := ^Q.) 

(2). For every cube K e Ws there are at most N — N{n) cubes from the family 
W^ := {Q* -.Q e Ws} which intersect K*. 

Observe that the family of cubes Ws constructed in [38] satisfies conditions of The- 
orems 2.2 and Lemma 2.3 with respect to the Euclidean norm rather than the uniform 
one. However, a simple modification of this construction provides a family of Whitney's 
cubes which have the same properties with respect to the uniform norm. 

Let us formulate the main result of the section. 

Theorem 2.4 Let S be a regular subset o/R". There is a family of Borel sets Hs — 
{Hq : Q eWs} such that: 

(i). HQc{10Q)nS, QeWs; 

(a). \ Q\ < 7i| Hq\ whenever Q e Ws and diamQ < Ss; 

(in)- E Xhq < 72- 

Q&Ws 

Here 71,72 are positive constants depending only on n and 9s- 

Proof. Let K = Q{xk, tk) E Ws and let ax ^ S he a, point nearest to xk on S. Then 
by property (ii) of Theorem 2.2 

Q{aK,rK)(ZlOK. (2.1) 
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Given e,0 < e < 1„ we denote :— Q{aK,srK)- Let Q — Q^xq^tq) be a cube 
from Ws with diamQ < ^5. Set 

Aq := {K = Q{xk, tk) eWs: K,nQ,^^,rK< stq}. (2.2) 

(Recall that Qe := Q{aQ,srQ).) We define a "quasi-cube" Hq by letting 

/^Q := {Qe n 5) \ (U{Xe : K e Aq}). (2.3) 

If dianiQ > 63 we put Hq := 0. 

Prove that for some e :— e{n, 9s) < 1 small enough the family of subsets Hs satisfies 
conditions (i)-(iii). By (2.3) and (2.1) 

Hq C Qe := Q{aQ, etq) C Q{aQ, Tq) C lOQ. (2.4) 

In addition, by (2.3) Hq G S so that Hq C (lOQ) fl S proving property (i). 

Let us prove (n). Suppose that Q = Q{xQ,rQ) e Ws and diamQ < Ss- If G Aq, 
then by (2.2) K^nQs^^ and < srQ. Hence 

rxA^ stk) < stqX^ e^TQ) < tq^ 

so that ttK e 2(5e. Since Q{aK,rK) C lOi^, see (2.1), i^T C Q{aK,^OrK) as well. In 
addition, < erg = rg^ which implies X C 12Q^. Thus 

Uq:^U{K: KeAQ}Gl2Q,. (2.5) 
By property (iii) of Theorem 2.2 

J] Xi^ < I] Xif < A^ = Ar(n), 

K€^Q /STGWs 

so that by (2.5) 




On the other hand, for every K — Q{xk, tk) £ Aq we have 

\Ke\ = \ Q{aK, erK)\ = ^1 Q{aK, r^)! = /^l- 

Hence 

I u {X, : Ke Aq}\ < ^ I = J] I X| < Ci£"| g,|. 

Since 5" is regular and diamQe = sdiamQ < 5s, | Qe fl 5"! > ^^^| Q^\ so that 

\Hq\ = \{Q,nS\\{U{K,: K^Aq})] 

> \QenS\-\U{K,: KeAQ}\>{9s'-Cie"')\Q,\. 
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Clearly, | Q^\ — \ Q{aQ^erQ) \ — s^t'q — Q\ so that 

\EQ\>{Qf -C^e^)e^\Q\. 

We define e by setting e := {2Ci6s)~^ ■ Then the inequality | Q\ < 7i| Hq\ holds with 
7i := 4Ci6'| proving property (ii) of the theorem. 

Let us prove (iii). Let Q — Q{xQ,rQ),Q' — Q{xQi,rQ>) e Ws be Whitney's cubes 
such that diamQ, diamQ' < ^5 and HqUHqi ^ 0. Since Hq C Qe, Hq' C Q^, we have 

n ^ 0. 

On the other hand, Q ^ Aqi and Q' ^ ^q, otherwise by (2.2) and (2.3) Hq^Hq, = 0. 
Since QsCiQ'^ 0, by definition (2.2) rg > stqi and tqi > erg so that rg pa tq/. By 
(2.4) C log and similarly Q'^ C lOg'. But g^ n g^^ so that lOg n lOg' as 
well. Since rg ~ rg', this imply Q' C C2Q for some constant C2 = C2{s) — C2{n,9s)- 
Observe also that \Q\ ~ \Q'\- 

We denote 

rg:={Q'eWs: HgHHg,^^, diamg' < ^5} 

and Vg := U{Q' : Q' G 7^}. Thus we have proved that Vg C C2Q and | g'| ~ | g| for 
every Q' eTg. 

Let Mq := cardTg be the cardinahty of Tg. Clearly, to prove (iii) it suffices to show 
that Mg < 72. We have 

Mg\Q\<cY,\Q'\ = C I Y.XQ'dx<C I Y.^Q'^'^- 
Q'^T^Q Vq Q'^^'^Q C2Q '^'erg 

By the property (iii) of Theorem 2.2 

J2{XQ' ■■ Q' e rg} < J2{XQ' ■Q'eWs}<N^ N{n) 

so that 

Mg\ Q\<C J Ndx = CN\ C2Q\ = CNC^\ Q\ 
C2Q 

proving the required inequality Mg < 72. □ 



3. Local approximation properties of the extension operator. 

In this section we present estimates of local polynomial approximations of the ex- 
tension /, see (1.9), via corresponding local approximation of a function / defined on 
a regular subset S C R". We start by presenting two lemmas about properties of 
polynomials on subsets of R". 

Proposition 3.1 (Brudnyi and Ganzhurg [11]) Let A be a measurable subset of a cube 
Q, \A\ > 0, 1 < Mi,M2 < 00 and P e Vk- Then 

\q\'M\p\\l^,{q) < 7i^r^ii^iu„,(A) 

where ^ is a positive constant depending only on n, k and the ratio |g|/|yl|. 
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The proposition implies two corollaries. 

Corollary 3.2 For every subset A of a cube Q, \A\ > 0, every 1 < Ui,U2 < oo and 
every polynomial P &Vk 

i^r^ii^iu.i{A) < 7i^r- (3.1) 

where 7 depends only on n,k and \Q\/\A\. 

Corollary 3.3 Let Ai C Qi, \Ai\ > 0, z = 1,2. Suppose that (AiQi) n (AiQs) 7^ 
and \2^^Qi — '^Q2 — ^2i"Qi where Xi, X2 are some positive constants. Then for every 
1 < M < 00 and every polynomial P &Vk 

< 7ll-P||L„(yl2) 

where 7 depends only on n, k, Aj and \Qi\/\Ai\, i — 1,2. 

Given a function / e Lujoc(R^): 1 < u < 00, and a measurable subset A C R", we 
let Ek{f; A)l^ denote the local best approximation of order /c of / on A in L„-norm, see 
Brudnyi [7], 

E,{f;A),^:= M ||/ - P||ma). (3.2) 

Thus 

£kif;Q)L^is) = \Q\---Ekif;QnS)L^ 

see (1.4). We note a simple property of Sk{f; ■)Ly.{s) as a cube function: for every two 
cubes Qi C Q2 



^fc(/; Qi)l45) ^ ( ^ ) " Q^)L.iS)- (3.3) 



Proposition 3.4 (Brudnyi [9]) Let A he a subset of a cube Q, \A\ > 0. Then there 
is a linear operator Pr^^^ : ^i(^) — >■ Vk-i such that for every 1 < u < 00 and every 

f e LuiA) 

\\f -PrkAf)\\MA) <lE,if;A)r.^. 

Here 7 = 7(n, k, -pj). 

Proof. Recall the construction of Pr^^^ given in [9]. We let {P^ : \(3\ < A: — 1} 
denote an orthonormal basis in the linear space Vk-i with respect to the inner product 
if, 9) = lAfi^)9{x) dx- We put 

PrU/):^ E ([ P(^ix)f(x)dx)Pp. (3.4) 

\f3\<k-l ^"^^ ^ 

Clearly, Pv^^a '■ Li{A) — > Vk-i is a projector (i.e., Pr^^^ = Prifc,^)- Estimate its operator 
norm in Lu{A). For every / e Lu{A) we have 



PrM(/)IU4^)< E / Ppi^)fi^)dx 

\3\<k-l ''^ 



\P 



l3\\Lu{A) 
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so that by the Holder inequahty 

II PrM(/)IU«(A) < I XI ||-P/3||l„(A)||-P/3||l„*(A) I ||/||l„(A) 
where 1/u + l/u* ^ 1. But by (3.1) 

||P/3|Ima)II^/3|U„*(a) <7'(l^l""^ll^/3lU,(A))(|A|^-5||p^||^^(^)) = 

proving that || PTk,A{f)\\L^iA) < 7i||/IU„(A) with 71 = card{/3 : \P\ < k - 1}-/^ (recall 
that ||i-*^||L2(A) = 1 for every (3). The last inequality in the standard way implies 

11/ - PrM(/)lk.(A) < (1 + II Pr.,A ||)^.(/; A)l^ < (1 + 7i)Efc(/; A^^. □ 

Proposition 3.4 and Theorem 2.4 immediately imply the following 

Corollary 3.5 Let S be a regular set and let Q e Ws be a cube with diamQ < 6s- 
There is a linear continuous operator Pq : Li{Hq) — > Vk-i such that for every function 
f e Lu,ioc{S), 1 < w < 00, 

\\f-PQf\\L^(HQ)<7E,{f;HQ),^^. 

Here 7 = j{n, k, 9s)- 
We put 

Pq/ = 0, if diamg>55. (3.5) 

Now the map Q — > Pqif) is defined on all of the family Ws- This map gives rise a 
linear extension operator defined by the formula 

( fix), xeS, 

Extksfix) ■-= I (3.6) 
IE Mx)PQfix), xeR-\S- 
K Q^Ws 

Here $5 := {ipg : Q G Ws} is a smooth partition of unity subordinated to the 
Whitney decomposition Ws, see, e.g. [38]. We recall that $5 is a family of functions 
defined on R" which have the following properties: 

(a) . < fQ <l for every Q e Ws; 

(b) . suppcpQGQ*{:^lQ),QeWs; 

(c) . ^{<Pq{x) ■- Q e Ws} = 1 for every xeW\S; 

(d) . for every multiindex (3, < k and every cube Q e Ws 

\D^(PQix)\ < C(diam(5)-I^l, x e R", 
where C is a constant depending only on n and k. 
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We turn to estimates of local approximations of the extension operator 

/:=Extfc,5/. 

To formulate the main result of the section, Theorem 3.6, given x G R" and t > we let 

Qx denote a point nearest to x on 5" (in the uniform metric). Thus a-r||oo = dist(x, 5"). 
We put 

^{x,t) ._ 50max(80t, dist(x, S)) (3.7) 

and 

:=g(a^,r(^'*)). (3.8) 

Theorem 3.6 Let S be a regular subset o/R" and let f G Lu,ioc{S), 1 < m < oo. Then 
for every x G R" and t > 

r 4(/;i^(^-'*))z,„(s), r(-'*)<<55, 

Here 7 = j{n,k, 63,63). 

We recall that V-i := {0} so that by definition (1.4) 

WlK^'^'^.iS) |i^(^'*)|-^||/||L„(i.(-*)n5)- (3.9) 

We will prove the theorem for the case 1 < u < 00; corresponding changes for = 00 
are obvious. 

The proof is based on a scries of auxiliary lemmas. To formulate the first of them 
given a cube K C R", we define two families of Whitney's cubes: 

Qi(X) -.^{QeWs: QnK^$} 

and 

Q2{K) -.^ {Q eWs ■.3Q' e Qi{K) such that Q'nQ* ^ 0}. (3.10) 

Lemma 3.7 Let K be a cube centered in S . Then for every Q G Q2{K) we have 
diamQ < 2diami^ and \\xk — 2;q||oo < |diami^. 

Proof. Since Q G Q2{K), there is a cube Q' G Qi{K) such that Q' f] Q* 0. Let 
a e Q' f] K. Since xk G -S", by property (n) of Theorem 2.2 

1 

diamQ' < dist(Q',>S') < dist(a,5') < ||a — a;i4:||(x, < -di&mK 

so that diamQ' < \ diamK. But diamQ < 4diam(5', see Lemma 2.3, (1), proving that 
diam Q <2 diam K. 

Recall that Q' H K ^, Q' n Q* ^ and diamQ' < | diami^'. It remains to make 
use of the triangle inequality and the required inequality \\xk — xq\\oo < (5/2) diami^T 
follows. □ 
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Lemma 3.8 Let S be a regular subset o/R" and let f G Lujoc{S), 1 < m < oo. Then 
for every cube K and every polynomial Pq G Vk-i 

11/ - Pq\\lu{k\s) < ^ \\Pq - Po||l„(Q)- 

Proof. Clearly, K\S C \J{Q : Q e Qi{K)} so that 

11/ - -Po||l„(k\s) < XI 11/ ~ -^o||l„(q)- 
QeQi{K) 

Let Q e Qi(i^r). By V{Q) we denote a family of cubes 

V{Q) :={Q' eWs-.iQ'ynQ^n- 

Clearly, by property (2) of Lemma 2.3 Mq := ceirdV{Q) < N{n). Properties (a)-(c) of 
the partition of unity and formula (3.6) imply 

ll/-^o|lL(Q) < II E ^Q'iPQ' - Po)\\Uq) 

Q'&Ws 

= II E V^Q'iPQ' - Po)\\Uq) < E II^Q'-^ollL(Q) 

Q'eV{Q) Q'eViQ) 

so that 

11/ - PoWl^iQ) E W^Q' ~ -^o||l„(Q)- 

Q'GV(Q) 

Since {Q')* flQ 7^ for every Q' G V{Q), by Lemma 2.3, (1), diamQ' ^ diamQ. Hence 
by Corollary 3.3 

II-Pq' - -Po||l„(q) ~ II-Pq' - Po\\lu{Q') 

so that 

11/ - -follL(Q) - ^ E ll-^<3' ~ -follL(Q')- 

This implies 

11/ - -Po|IL(^f\S) - ^ E E ll-^'5' - -PollL(Q')- 
QeQi{K) Q'eV(Q) 

Clearly, every cube Q' on the right-hand side of this inequality belongs to Q2{K), see 
definition (3.10). Moreover, by Lemma 2.3, (2), for every such a cube Q' there are at 
most N{n) cubes Q e Ws such that V{Q) 3 Q'. Hence 

ll/-^o|IL(x\5) < ^ E card{g:y(g)9g'}||PQ,-Po|IL(Q') 

Q'eQ2{K) 

< CN{n) II^Q-^ollL(Q)- ° 

Given a cube K C R", define a family of cubes 

Q^{K) -.^ {Q e Q2{K) : diamg<55}. (3.11) 
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Lemma 3.9 Let S be a regular subset o/R" and let f G Lujoc{S), 1 < m < oo. Then 
for every cube K centered in S and every polynomial Pq G Vk-i 

\\Pq ~ -follL(Q) ^ ^11/ ~ -fo||I„((25A:)nS)- 

Proof. For each Q G Qz{K) by properties (i),(ii) of Theorem 2.4 and by Corollary 3.3 
we have 

\\Pq - Po\\lu{Q) < C\\Pq - Pq\\lu{Hq)- 

By Corollary 3.5 

II-Pq - Po\\lu{Hq) < \\Pq - + 11/ - Po\\lu{Hq) < lEkif; Hq)l^ + ||/ - Pq\\lu{Hq) 

where 7 = 'y{n,k,0s). Since Ek{f;HQ)L^ < \\f - PqWl^^Hq), see definition (3.2), we 
have 

II^Q - PohuiQ) < C\\f - PollLuiHg)- 

Put B := U{Hq : Q G QsiK)} and 77 := E{XJ/q : <3 e Qs{K)}. Then the last 
inequality imply 

E II^Q-«4g)<C E ll/-^orMH^)=C||,7(/-Po)|IL(B). 
But by property (in) of Theorem 2.4 77 < ^{xhq '■ Q G W5} < 7(^, 6'^) so that 

By Lemma 3.7 for each Q G Q3 C Q2 we have \\xk — xq\\^ < (5/2)diamir and 
diamQ < 2diamX. Moreover, by property (i) of Theorem 2.4, Hq C (lOQ) n S. 
Hence 

Hq C lOQ C (10 • 2 + 5)K = 25K 
proving that B C {2bK) nS. □ 

Proposition 3.10 Let f G Lu^ioc{S), 1 < u < 00, where S is a regular set. Then for 
every cube K with diamX < ^5/2 centered in S and every polynomial Pq G Vk-i 

11/ - Po\\lu{k) < C\\f - -Po|U„((25i^)ns)- 

Proof. By Lemma 3.8 

\\f - Po\\l^{k\s) ^ C E \\Pq - PoWluiQ)- 

Since diamK < 5^/2, by Lemma 3.7 for every Q G Q2{K) we have diamQ < 2diami^ 
so that diamQ < 6s- Hence Q2{K) = Q^^K), see definition (3.11). 
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Therefore by Lemma 3.9 

II-Pq - -fo||i,„(Q) = ^ \\Pq - Po\\lu{Q) ^ ^\\f ~ Po\\Lu{{25K)nS) 
QeQ2{K) QeQaiK) 

so that 

11/ ~ Po\\lu{K\S) ^ ^"11/ - Po\\L„{(25K)nS)- 

Finally, 

11/ ~ -fo||L„(i<:) = 11/ ~ Po\\Ly,{KnS) + 11/ ~ Po\\Ly,{K\S) < (C+ 1)11/ - Po\\Lu{(,25K)nS) 

proving the lemma. □ 

Let us put Po G Vk-i to be a polynomial of the best approximation of / on (25i^)n<S' 
in Lu-norm. Then the above proposition implies the following inequality 

E,{f;K)L^<CE,{f;{2bK)nS)L^. 

Since \K\ |25ir|, we obtain the next 

Theorem 3.11 Let S be a regular set and let f e L^jociS), 1 < u < oo. Then for 
every cube K with diamX < 5s/'2 centered in S 

£k{f;K)L^<C£k{f;25K)L^^s). 

Let us estimate the L„-norm of the extension /. 

Proposition 3.12 Let f e Lujoc{S), I <u < oo, where S is regular. Then for every 
cube K centered in S 

||/IU„(Js:) < C'||/||L„((25K)n5)- 
Proof. By Lemma 3.8 with Pq :— we have 

Recall that Pq :— if diamQ > 5s, see (3.5), so that by definition (3.11) 

Now by Lemma 3.9 (with Pq = 0) we obtain 

E \\PQ\\LiQ)<C\\f\\l „((25X)n5) 

so that \\f\\Lu{K\s) < <^||/IU4(25if)nS)- Finally, 

ll/llLw ^ ll/llL(i<:n5) + ll/llL(i<r\S) < (C + l)||/||L„((25i<:)nS)- ^ 

We turn to estimates of local approximations of / on cubes which are located rather 
far from the set S. In the remaining part of the section we will assume that a cube 
K — Q{xk, tk) satisfies the inequality 

diamX < dist(xx, S)/AQ. (3.12) 

We let Qk G Wk denote a Whitney's cube which contains center of K, the point xk- 
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Lemma 3.13 K d Q]^ and 

- (l\st{xKi S) < diam Qk < dist(a;i^, S). 
5 

Proof. Since xk £ Qk, by Theorem 2.2, (ii), 

diamQK < dist{QK, S) < dist{xK, S). 
Applying again property (ii) of Theorem 2.2, we obtain 

dist(a;i<:, S) < diamQx + dist((5x, S) < 5 diarnQx- 
This inequahty and (3.12) imply 

diam K < — dist(a;x, -S") < - diam Q. 
40 8 

Since Qk H K 7^ 0, we obtain the required inclusion K C {1 + ^)Qk ='■ Q*k- ^ 

Lemma 3.14 (Brudnyi [7]) Let Q be a cube in R" and let g e C°°{Q). Then for every 
1 < u < 00 

^k{9]Q)Lu < C{diamQ)'' max\\D"g\\L^(^Qy 

\a\=k 

Lemma 3.15 For every cube K satisfying (3.12) and every 1 <u < 00 we have 

Sk{f;K),^ < c ^^^{\\Pq - PqAl^^q) ■■ Q* n X 7^ 0}. 

Proof. Since X C R" \ 5, /|k e C~(ir), so that by Lemma 3.14 

Sk{f\K)L^ < C(diami^)'=max||D"/|U^(;,). 

\a\=k 

Since K C Q*^, see Lemma 3.13, by properties of partition of unity and by Leibnitz's 
formula for every |q;| = /c we have 

< C E P"VQl|L.w|P"^(PQ-PQ,)|k.(i.) 

^ ^ E E (diamg)-l"^l||D"^(PQ-PQ.)||L.(Q^). 

By Markov's inequality and Proposition 3.1 

||L'"^(Pq-Pq,)|U^(q^) < C(diamQ;,)-l'^^l||PQ-PQ,|U^(Q^) 

< C(diamg^)-I"^I||PQ-PQ^|U^(Q^) 
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so that 

£kif; K),^ < C ( J^IJ^) ' Y.{\\Pq - Wlm : n ^ 0}. 

But by Lemma 3.13 diamQ/^ di\st{xK, S), and the result follows. □ 
Recall that a^^ stands for a point nearest to xk on 5". Denote 

Qk := Q{axK, 2 dist(a:x, -S")). 

Then inequality (3.12) immediately implies that Qk D K. 
We put _ 

Ak := {Q e Q2{Qk) ■ diamQ < 4dist(x;^, 5)}. 

Lemma 3.16 For every cube K satisfying (3.12) and for every polynomial Pq G Vk-i 

Proof. For each Q e Ws such that Q* H K $ we have 

\\Pq - Pqk\\loo{Q) < \\Pq - -PoIIloc(Q) + \\Pqk ~ -PoIIloc(Q)- 

Since Q*j^ D K, see Lemma 3.13, we have Q* fl Q]^ 7^ so that by Lemma 2.3, (1), 
diamQ pa diamQi^:. Then by Corollary 3.3 

ll-P Qk - -PoIIloc(Q) ^ C\\PQk - P 3|Uoo(Qk)- 

In turn, by Corollary 3.2 

\\Pq - Po\\l^{q) < C\Qt^\\PQ - Pq\\l^{Q) < C\Qk\~^\\Pq - PqWI^^q). 

Hence 

max{||PQ - PqAIm : n X ^ 0} < C\Qk\-^ max{||PQ - Po|lL(Q) : Q* n X ^ 0} 
so that by Lemma 3.15 

Since C by definition of the family see (3.10), every Q G Ws such that 
Q* n 7^ belongs to Q2{Qk)- Moreover, by Lemma 2.3, (1), diamQ < 4diam(5if 
and by Lemma 3.13 diamQii: < dist(a;ii:, 5"). Hence diamQ < 4 dist(a;i^, 5") proving 
that Q G Ak- This shows that the latter maximum can be taken over family Ak- The 
the lemma is proved. □ 

We put 

Qk := 25Qi^ = Q(a^^, 50 dist(x;f, -S)). (3.13) 
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Lemma 3.17 Suppose that a cube K satisfies (3.12) and dist(x/^, 5") < 5s/ ^- Then 

Proof. Since dist(a;i^, 5") < ^5/4, 

Ak := {Q&Q2{Qk)- diamg < 4dist(xK,5)} 
C {QeQ2{QK): diamg<55}=: Q3(Qk), 

see (3.11). Hence by Lemma 3.16 for every Pq ^ ^fe-i we have 



By Lemma 3.9 



u 



lL„({25QK)nS) II-' " ^\\Lu(QKr\S)- 

It remains to put Pq G Pfe-i to be a polynomial of the best approximation of / on 
Qi( n S in Lu-norm and the lemma follows. □ 

The last auxihary result of the section is the following 

Lemma 3.18 For every cube K satisfying (3.12) 

( diami^ ^ ^ 



Proof. Recall that Pq :— if diamQ > so that 

XI II^qIILw) = XI II^qIILw)- 

QeQ2{Qx) Q6Q3(Qk) 



By Lemma 3.16 with Pq = we obtain 

ku 

I/O 1-1 \ ^ II D ll« 



Hence by Lemma 3.9 (with Pq = 0) we have 

which implies the lemma because Qj^ := 25Qk- ^ 

We are in a position to finish the proof of Theorem 3.6. Let us fix a; G R" and t > 
and consider four cases. 
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Case 1. m < dist{x,S) and r(^'*) < 63- Recall that r^^'*) := 50max{80t, dist(x, 5)} 
so that in our case r*^^'*^ = 50 dist(a;, 5*). In turn, 

:= g(a^,r(^'*)) = g(a^, 50dist(x, ,5)), 

see (3.7) and (3.8). 

Put K Q{x,t). Then diamX = 2t (recall that we measure distances in the 
uniform norm) so that diamX < dist(x, 5')/40. Moreover, 

r(^'*) =50dist(x,5) < ^5 

which, in particular, implies that dist(x, 5") < (^5/2. Thus K satisfies conditions of 
Lemma 3.17. By this lemma 

where := Q(a^, 50 dist(,T, 5)) = K^^^^\ see (3.13). Since SOt < dist(a;,5), we have 
dist(a;, Sf ^ + dist(x, S)'' proving Theorem 3.6 in the case under consideration. 
Case 2. 80t < dist(a;, S) and r^^'*) > 83. 

We treat this case in the same way as the previous one. The only difference is we 
apply Lemma 3.18 rather than Lemma 3.17. 

Case 3. 80t > dist(a;, S) and r^^'*) < 83. In this case r^^'*) = 50 • 80t = 4000t so that 
4000t < ^5. Recall that ||aa; — a;||oo = dist(a;, S) so that 

K = Q{x, t) C Q{a^, dist(x, S)+t) C Q{a^, 81t). 
We put K := Q{a^, 81t) so that K cK. Then by (3.3) 

£k{f;K)L^<C£k{f;K)L^ (3.14) 
and by Theorem 3.11 Sk{f;K)Lu < CSk{f]25K)L„(3y Observe that 

25K C X^^'*) := Q{a^, r^^'*)) = Q{a^, 4000i) (3.15) 

so that by (3.3) Sk{f;25K)L^(3) < C£fc(/; i^(-'*))L„(s). 

It remains to note that t'^ + dist(a;, 5')'^ t'^ and Case 3 is proved. 

Case 4- 80t > dist(a;, 5") and r^^'*^ > S3. We preserves notation of the previous case 
so that we assume that inequality (3.14) holds. Clearly, Sk{f;K)L^ < 
so that by Proposition 3.12 

Combining this with (3.14) and (3.15) wc obtain Sk{f;K)L^ < C'|A'|^" ||/||2,^(-j^(a,,t)pi5). 
Since \K\ a; l/T*^^'*^! and t^ + dist(x, 5')'^ ~ t'^ this proves Case 4 and the theorem. □ 
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4. Estimates of shctrp mciximal functions: proofs of 
Theorem 1.2 and Theorem 1.3. 

To formulate the main result of the section we fix parameters s > 0, /c G N U {0}, 

< q < oo, 1 < u < oo, and put v :— {s,k,q,u). Given a function / e LujodS), we 
let fig denote a generalized sharp maximal function of / on S: 

;.,(.):.{^~(Wi«M)i^y*j^_ .e.. (4.1) 

ii q < oo, and 

t>0 I 

if g = oo. We write fl for 

As usual we put Muf{x) :— (M(|/|")(x))« where M is the Hardy-Littlewood maxi- 
mal function 

M/(a;):=sup— i-^ / \f{y)\dy. 

We recall that by the Hardy-Littlewood- Wiener maximal inequality, see e.g. [38], for 
every < w < p < oo and g e Lp(R"') 

||^«fi'||Lp(R") < C\\g\\L^(jin). (4.2) 

Theorem 4.1 Lei S he a regular subset of IV^ and let f G Lujoc{S). Assume that 

1 <u < oo, and 0<s<kifO<q<oo orO<s<kifq = oo. Then 

ifiix) < C{Mi{fy-){x) + M„(r)(x)}, X G R" 

Recall that / stands for the extension of / defined by formula (3.6). Recall also that 
h-^ where /i is a function on S denotes the extension by of /i from S on all of R". 
Proof. We will prove the result for < g < oo; the reader can easy modify this proof 
for the case q = oo. Let us consider two cases. 

Case 1. We assume that 

dist(x, S) < (^5/50. (4.3) 

Put A := 5s/4000. Then 
where 

^^.^ , /-^ ( £kU-,Q{x,t))LX dtY ^^^j^.^ \ r f Sk{f;Q{x,t))LS dt 



t 
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Let us estimate Ji. We observe that for every < t < A by inequality (4.3) the 
quantity r^^'*) := 50max{80t, dist(a;, 5*)} satisfies the inequahty r^^'*^ < ds- Therefore 
by Theorem 3.6 



k 



Recall that X^^'*) :— (5(aj;, r^^'*)) where is a point on 5" such that 

ll^^ — Oxll = dist(a;, 5'). (4.4) 

Hence 
where 

1 

{dist(2:,5)/80 ^ q 



and 

1 



oo 



Jo :-- 



ldist(x,S)/80 



J t 



Prove that Ji < C J2. We observe that for every < t < dist(a;, 5')/80 we have 
^{x,t) ._ 50dist(x,^) so that X^^'*) := g(a^, 50dist(a;, 5)). Hence 

1 

{dist(x,S)/80 ^ q 

f +{k-s)qdt 
J T 


Since A;>s>OorA;>s>Oifg = oo, the latter integral is equivalent dist(x, 5')^*^"*^^. 
Hence 

J ^ ^ ^fc(/; Q(Qx, 50 dist(x, S)))l^^s) 
~ dist(x, S*)* 

By (3.3) for every t such that dist(a;, S) <t <2 dist(a;, S) we have 

4(/; Q{ax, 50dist(x, S)))l^^s) ~ 4(/; Q{ax, ^^t))Lu{S) 

so that 

( 2dist(a:,S) 

^fe(/;Q(aa;,50dist(a;,S')))L^(5) I f f Sk{f]Q{a:^,50t))L^(^s)y dt 



dist(a;,5)* \ J \ J t 

dist{x,S) 
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Observe that for t > dist(a;, S)/80 we have r^^'*) := 50max{80i, dist(x, S)} = 4000t and 
:= g(a^, 4000t) so that 



\dist{x,S) 

proving the required inequahty Ji < CJ2. _ 

Let us estimate J2. To this end we put K := Q(a;, 2 dist(a;, 5*)). Prove that for each 
yeKDSwe have J2 < Cflgiy). In fact, by (4.4) 

\\y — dxW < llz/ — 3^11 + \\x — ttxW < 3dist(a;, 5*). 

Hence for every t > 50dist(x, 5") we have Q{ax,t) C Q{y,2t). This inclusion and (3.3) 
imply 

so that by (4.5) 

j.<c\ J ( ^-'^^^fa-;°°*»--'-' )'fV<c/«,,M 

[dist(x,5) J 

proving the required inequality J2 < C f\.g{y). By this inequality 

J2 < I fiJy)dy. 

\KnS\ J "'^^ ^ 
KnS 

Since dist(x, 5") > Ss/50, see (4.3), by (4.4) we have 

g(a^, dist(x, 5)) C Q{x, 2 dist(x, 5)) K. 
Since 5" is regular and dist(x, 5") < 5s, 

l^n^l > \Q{ax,dist{x,S))nS\ > es\Q{ax,dist{x, S)) \ ^ \k\ 
so that \K r\S\ \K\. Hence 



J2<c-l- I fl,siy)dy<CM{flsnx). 



KnS 



Combining this with the estimate Ji < CJ2 we conclude that Ii < CM(/ t^)^(a;). 

Let us prove that I2 < CM„(/^)(x). We recall that dist(x, 5") < Ss/50 so that for 
every t > A := ^5/4000 

r^'^'*) := 50max{80t, dist(a;, S)} = 4000i > ^5 
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and := Q{a^,r^'''*'^) = Q{a^,4000t). Therefore by Theorem 3.6 and (3.9) 

We put K := Q{x,4080t). Since dist(a;,5) < 6s/50 < 80t, by (4.4) we have 

C Q(x, dist(x, S) + mot) C K. 
Moreover, we also obtain an equivalence li^^"*'*)! pa \K\. Hence 

\\K I JkdS J 

This implies 

proving the required 1^ < CMj^f^){x). Finally, we obtain 

(/)lr(^) < ^^{^1 + ^2} < C{M((/;-^)-)(x) +M„(/-)(x)} 

which proves the theorem in the first case. 

Case 2. dist(x, S) > 5s/50. In this case r^^'*) := 50max{80i,dist(x, S)} > 5s so that 
by Theorem 3.6 and (3.9) 

Su{hQ{^,t))L. < ^ ,. + di!t(:r,^)^ |i^^^'*^r"ll/IU4i^(-)n5)- (4-6) 

Recall that i^^^'*) := g(a^, r^^'*)). 

Put /sT' := g(a;,2r(^'*)). Clearly, r^^'*) > 50dist(a;,5) > dist(x,5) so that by (4.4) 

:= Q(a^,r(^'*)) C Q(x, dist(x, 5) + r^^'*^) C g(a;, 2r(^'*)) =: X'. 

Hence 

|i^^"'*^|-"ll/llL4i.(-*)n5) < C|i^r"ll/IU„(i.'n5) < CM„(/^)(x). (4.7) 
Estimates (4.6) and (4.7) and definition (4.1) imply 

i^'^-^)^ dt 



{f)l{x)<CM^{f^){x) 



(t*^ + dist(a;, S)'')i t 



Since dist(a;, S) > Ss/50 and k > s (or A; > s if g = oo), the latter integral is bounded 
by a constant depending only on s, k, q and 5s- This proves that in the case under 
consideration {f)l{x) < CMu{f^){x). 
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Theorem 4.1 is completely proved. □ 

Let us formulate a corollary of this result. To this end we introduce a slight gene- 
ralization of the maximal function (4.1): given v — {s,k,q,u) and < A < oo, we 
put 

(with the standard modification for q — oo). 

Theorem 4.2 Suppose that 1 < u < p < oo, < q < oo and k>s>Oork>s>0 
if q — oo. If S is a regular set and f e Lp{S), then 

ll(/)i?,A,R"IUp(R.") ^ ^i\\fl,A,shp{S) + l|/IUp(S))- 

Here the constant C depends also on A. 

Proof. Clearly, CDIa,^^. < (/)!(:= {f%^,^.) so that 

By Theorem 4.1 

ii(/)!^iu,(R") < cmify^u^^^.^ + iim„(/-)iu^(h.)) 

so that by (4.2) 

||(/)!;||l,(R") < CiWflsK^s) + ||/IU,(5)). (4.9) 
On the other hand, for every x e R"^, 



where 

J(x) 

Observe that 



A 



4(/;Q(:g,0)MS) y 
t' j t 



9 



£:,(/; g(x,t))^45) < (jTy^^ [ \frdy) " < M^(f^){x) 



Hence 



J{x) < CM^{f^){x) [J^ t'^^'^dty < CA-^m^if^Xx). 
Thus /l-5(x) < C(/^^5(x) + M„(/^)(a;)) so that 

WfUKis) < ciWfl^^^L^s) + ||M4/^)|u^(<,)) < ciWfl^^^sKis) + WfKis)). 
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This inequality, (4.8) and (4.9) imply the statement of the theorem. □ 
Proofs of Theorems 1.2 and 1.3. 

Observe that for every locally integrable extension F of / on all of R" and for each 
cube Q centered in S we have £k{f] Q)li{S) < ^k{F; Q)li so that fig < fI on S. Then 
by (1.3) 



Up(5) + \\fk,s\\Lp{S) < ||^||Lp(R") + ||^fc||Lp(R") < C\\F\\wk(n.n) 

proving that 

||/||lp(5) + \\fk,shp{S) < C||/||wfc(R")|s- 

In a similar way using equivalence (1.6) we show that 



LP (5) + 



WSk{f;Q{;t))L,is)y dt 



t 



^ C\\f\\F^(-R")\s- 



LAS) 



To prove the opposite inequalities we observe that by Proposition 3.12 we have 
\lp(R") < C'||/||lp(5)- Moreover, by Theorem 4.2 with 1 < p < oo, k — s,q — oo,u — 1 
and A = oo 

||(/)llUp(Rn)<C^(||/l5lU.(S) + ll/llMS)). 

Hence 

ll/lk,^(R")i, < ll/lk,^(R") < c(||/|U,(Rn) + ll(/)llk,(Rn)) < c(||/|U,(5) + Wflshns)) 

proving (1.5). In a similar way wc prove equivalence (1.7) applying Theorem 4.2 with 
0<s<A;, l<p<oo, l<g<oo,M=l and A = 1. □ 



5. Besov spaces on regular subsets of R"^. 

We turn to the problem of an intrinsic characterization of traces of the Besov spaces 
to regular subsets of R". First we recall one of the equivalent definitions of the Besov 
spaces: a function / defined on R" belongs to the space i?pg(R"), 1 < p < oo, < g < 
oo, s > 0, if / e Lp(R") and its modulus of continuity of order k in Lp 

^^k{f;t)Lp := sup ||A^/||i^(R,n) 

\\h\\<t 

satisfies the inequality 

( sup t~^u!k{f,t)Lp < OO if g = oo). Here /c > s is an arbitrary integer and as usual 

0<t<l 

given x,h E R", 
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(11^) is normed by 



11/11 



B|,(R") 11/11 



Lp(R") + 



( 




'p 




dt\ " 



(5.1) 



(modification ii q = oo). 

Similar to the case of Sobolev and F-spaces the main point of our approach to 
intrinsic characterization of traces of Besov spaces is local approximations theory. 

As we have mentioned above this theory gives a unified approach to various types 
of function spaces based on the concept of local best approximation by polynomials, 
see definitions (1.1) and (3.2). Comparing classical approximation theory and local 
approximation theory we observe that one basic goal of classical approximation theory 
is to study functions via the behavior of their best approximations as a function of 
the degree of the approximating polynomials on a fixed set. In local approximation 
theory we have a similar goal, but rather than doing all approximations on a fixed set, 
we do it on a variable cube. We can think of it as a "window" which we can slide 
around, enlarge and contract, "looking" through it at the function's graph. Each time 
we consider approximation on the cube by polynomials of a fixed (maybe small) degree, 
and we study the behavior of the best approximations as a function of the position and 
size of the sliding cube. 

As an important example illustrating this idea we present so-called an "atomic" 
decomposition of the modulus of continuity due to Brudnyi [7, 10], see also [5, 6, 9]. 
This basic fact of local approximation theory states that for every 0<p<oo,A;eN, 
and every function / e Lp ;oc(R-"') 



where the supremum is taken over all packings n of equal cubes in with diameter 
t. (Hereafter "packing" means a finite family of disjoint cubes in R".) Observe that 
equivalence (5.2) remains true if tt runs over all packings of equal cubes with diameter 
at most t, see [7]. 

This result motivates the following definition, see [9]: given A;eN,0<w,p<oo, 
and a function / e Lu^oc, by flk,p{f; •)l„ we denote the {k,p)-modulus of continuity of 
f in Lu, i.e., a function of i > defined by the following formula 



Here tt runs over all packings of equal cubes in R" with diameter t. (This definition is 
a slight modification of that given in [7] where the supremum is taken over all packings 
71 of equal cubes with diameter at most t.) 

We note two important properties of the (A;,p)-modulus of continuity. First of them 
is the following equivalence, see [9], Chapter 3, and Lemma 5.2: 




(5.2) 




(5.3) 



f^fc,p(/;^)L„ ~ ||^fc(/; <3(-; ^))l„IUp(r")- 



(5.4) 
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In particular, from (5.4) and (5.2) it follows that 

uJk{f;t)L^ ^ nk,p{f;t)L^ ^ ||«s^fc(/;Q(-;^))LplUp(R"), t > o. (5.5) 

The second property clarifies connections between the {k, p)-moduli of continuity in 
different metrics. Clearly, Vtk^p{f] ■)l„ < ^k,p{f'it)Lp whenever Q <u <p. On the other 
hand, Brudnyi [9, 7] has proved that for every 1 <u <p 

n,M-, t)^^ <C f dr, t > 0. (5.6) 

Now combining definition (5.1), equivalence (5.4) and inequality (5.6) and applying 
the Hardy inequality we obtain characterization (1.8) of Besov functions on R'^ via local 
approximations . 

Let us generahze definition (5.3) for the case of a measurable subset S C R" and a 
function / e Lu,ioc{S). We define the (/c,p)-modulus of continuity of / in Lu{S) ([9]) 
by letting 



p 



Here tt runs over all packings of equal cubes centered in S with diameter t. 

Let us show that an analog of equivalence (5.4) is true for flk^p{f; •)l„(5) as well. To 
prove this we need the following simple combinatorial lemma. 

Lemma 5.1 Let n be a family of equal cubes such that X]{Xq • Q £ tt} < / where I is 
a positive constant. Then a family of cubes {2Q : Q G tt} can be represented as union 
of at most m = m{l) packings. 

In particular, from the lemma and definition (5.7) it easily follows that Q,k^p{f] ■)l„{S) 
is a quasi-monotone function, i.e., 

^k,p{f-,t)LUS) < CnkAf-,'^t)L.iS): t > 0. (5.8) 

Lemma 5.2 Let < u,p < oo and k E N. Then for every function f G Lu,ioc{S) 

^f^fc,p(/; V4)l„(5) < \\^kif;Qi-,t))L^{s)\\Lp{s) < Cfik,pif;t)L^(s), t>0. 

Proof. We will mainly follow a scheme of the proof given in [9] for the case S = TV^. 
Fix t > and consider a packing vr of equal cubes with diameter t centered in S. Then 
for each Q E tt and every x E Q H S we have Q C Q{x, 4t) so that by (3.3) 

Sk{f;Q)L^is) < CSk{f;Q{xAt))L^is). 

Hence 

\Q n S\ Skif; Q)l^^s) <C I £k{f; Q{x, ^t))l^^s)dx, xeQnS. 

JQns 
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Thus 



*j s 

proving the first inequahty of the lemma. 

To prove the second inequahty given t > 0, we let tt denote a covering of S by 
equal cubes centered in S with diameter t/2 such that • Q ^ ^} ^ C{n). (The 

existence of vr immediately follows, for instance, from the Besicovitch theorem, see e.g. 
Gusman [23].) Then 

/ ^kif; Q{x, t))lrs)dx <J2 ^kif; Q{x, t))l ,g.dx. 

Js ^^JQnS 



Clearly, for every Q e n and every x E QnS we have Q{x,t) C 2Q — Q{xq, 2t) so that 
by (3.3) Sk{f;Q{x,t))L^^s) < CEk{f;2Q)L^^s). Hence 

/ £,(/; Q{x, t))l^^s)d^ < C|2g n S\ S,{f; 2Q)l^^,^ 
jQnS 

so that 

f 8,{f- Q{x, t))l^^s)d^ < C 5^ |2g n 5| 8,{f- 2Q)l^^,y 

By Lemma 5.1 a family of cubes tt := {2Q : Q & it} can be represented in the form 
TT = U{7rj : i — 1, m} where m — m{n) and every family tTj is a packing. Hence 

~ m 

•^^ i=i Qe^i 

proving the lemma. □ 

The main result of the section is the following 

Theorem 5.3 Let S be a regular set and let 1 < u < p < oo. Then for every function 
f e Lu,ioc{S) and every < t < 1 

Here f — Extjt,u,5 is the extension operator defined hy formula (3.6). 
Proof. By Lemma 5.2 it is sufficient to show that for every < i < 1 

th. <ce[ U"^ ^^^iMjlli^J ' + ii^ii^^,^, I . (5.9) 
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First let us estimate r2fc p(/; for < t < 55/4000. Fix a family n of equal 

cubes in R" of diameter t/2. (Thus Q = Q{xQ,t) for every Q e tt.) We let m = m{t) 
denote a positive integer such that 



<m< — ^. (5.10) 

2m+i 50 - 2™ 50 ^ ' 

Then for each integer i, i < m we put 

TTi := I Q e TT : < dist(a;Q,5) < - — I . (5.11) 

\^ 2^+1 50 ^ ^ - 2* 50] ^ ' 

We also set 

7r„:=|ge7r: dist(xQ, 5) < ^ ^| . (5.12) 

Now following formulas (3.7) and (3.8) we assign every Q — Q{xQ,t) e tt a number 

^{xQ,t) ._ 50max(80i,dist(xQ,,5)) 

and a cube i^^^Q'*) := Q{ax.Q,r^^'^'^^). (Recall that a^g € S and satisfies the equality 
W^Q - (^xqWoo = dist(a;Q,S').) 

In particular, for every Q & iti, < i < m, we have dist(xQ, 5") > 80t, so that in this 
case 

r^^O'*) = 50dist(a;Q,5) (5.13) 
and = Q[axQ, 50dist(xQ, S)). In turn, for Q G tt^ we have 

dist(a;Q,5) < 160t and r^'^^'*) ^ t. 
Moreover, for every Q — Q{xq, t) & iTi, < i < m, 

r(^«'*) < Ss. (5.14) 
Observe also that for each Q — Q{xq, t) e tTj with i < 

^{xQ,t) ^ 5Q dist(xQ, S) > 5s. (5.15) 

We put 

Q,:= J]|g|4(/;g)L. (5.16) 

Let us estimate for < i < m. By Theorem 3.6, (5.13) and (5.14), for every 
Q & TTi, < i < m, we have 



k 



Su{h Q)l. < C^r^^^, S,{f; X(^'^'*)).45) (5.17) 
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where by := Q{a^^, 50 dist{xQ, S)).We put 

n := 2-'5s and := Q(a,Q, r,). 

Since Q e tt,, by (5.11) c and fa dist(xQ,5) so that by (3.3) and by 

(5.17) 

j-k 

£k{f;QK < C^£k{f;K^'^^)L.is). (5.18) 

It can be also readily seen that Theorem 3.6 and (5.12) imply the same estimate for 
i = m as well. Thus in what follows we will assume that inequality (5.18) is true for all 
i — 0, ...,m. Observe also that for each Q G vfj, i = 0, m, we have Q C K^^l 

Now fix i, < i < m, and put tt, := {K^^^ : Q G tt,}. 

Then by Bcsicovitch's theorem there is a subfamily tt^ C tTj such that: 

(a) for every K E iti there is a cube K' e tt^ such that xk G K'; 

(b) J:{xk' : i^' G TT,'} < l{n). 
Now for every cube K' G tt^ we put 

Ak' ■= {K ETii: Xk e K'}. 

Since diamJC = diam/C' and xk G for every K G ^k', we have K C 2ir'. Recall 
also that Q C /T^} so that 

U{Q : K^'^^ G Ak'} C 2ir'. (5.19) 

By property (b) of n'- and by Lemma 5.1 later on we may assume that the family of 
cubes {2K' : K' G tt^} is a packing. By (3.3) for every K G ^i^/ we have 

£k{f;K)L^^s)<C£k{f;2K')L^^s). 

Combining this with (5.18) we obtain the following estimate of Qi, see (5.16): 



Hence by (5.19) 



Recall that diamX' = 2ri :— 2 '^^^5s < 25s for every cube K' G tt- which implies 
diam(|ir') = idiamX' < ^5. Since S is regular, we obtain 

\2K'\ = 4"|(l/2)ir'| < 4''6s\{l/2)K') n S\ < 4''6s\{2K') n S\. 
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Hence 

j-kp 

^^<C—,Y. l(2i^')n^|^.(/;2i^')L(5)- 

We have assumed that the family of cubes {2K' : K' G vr^} is a packing (consisting 
of equal cubes of diameter 4rj). Therefore by definition (5.7) and by property (5.8) of 
^k,p we have 

(4rj)^J' J4ri \ / 

Summarizing these estimates for alH = 0, m we obtain 

^^^.,p(/;r)i„(5)^'«!r 



III /-a 

7i := < Ci'^^' / 



But by (5.10) 2-'^Ss > 4000i so that 



IT 



hKCt'^pJ^ f iJ ''^'^ ] ^, o<t<5s/mo. 



T'- T 



Let us estimate for i < 0. In this case by (5.15) and Theorem 3.6 for every Q e tTj, 
i < 0, we have 

We continue the proof following the same scheme as for the case < i < m but 
using estimate (5.21) rather than (5.17). Then we obtain an analog of estimate (5.20) 
in the form 

Since < p, by the Holder inequality 

\2K'\ Soif; 2K')l = \2K'\ (-i- / \f\-dy\ " < / \f\^dy. 

VK-"- I J2K'nS J J2K'nS 



Recall that the family {2K' : K' e tt^} is a packing so that 

j-kp _^ !• ^kp !• jkp 

r. 



4-kp r j-kp !• 



p 

kpWJ llLp(5)- 



Hence 

i<0 i<0 i<0 
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Finally, we obtain 

g IQI < A + < Ct'^ {/J ( "^■''^;:''^-'-' )'^ + ll/lli,,,} . 



We recall that vr is an arbitrary packing of equal cubes with diameter t/2 so that by 
definition (5.3) we obtain 



4000 



To finish the proof of (5.9) we observe that for t/2 E [mm{86s, l/^}? ^^s] we have 

^^.,p(/;t)L„(5)<C||/|U,(5). (5.22) 

(This immediately follows from definition of fi^^p , see (5.7), and the Holder inequahty.) 
This allows us to replace the upper limit in the latter integral by 1/2 proving that 
inequality (5.9) is true for < t < 5^/8000. 

It remains to note that inequality (5.22) is true for t/2 e [min{5s/4000, 1/2}, 1/2] 
as well which immediately implies that (5.9) is true on all of the segment [0, 1]. The 
proof of inequality (5.9) is finished and we are done. □ 

Remark 5.4 Inequality (1.11) follows from equivalence (5.5) and Theorem 5.3 with 
u — p. 

Proof of Theorem 1.6. Clearly, Sk{f; Q)lu{s) < ^k{F;Q)L^ where F G LujocCR'') 
is an arbitrary extension of / on all of R" and Q is an arbitrary cube centered in S. 
Hence 

\\^k{f',Q(-,t))Lu{S)\\Lp{S) < \\^k(F;Q(-,t))Lj\Lp{R^) 

so that by (1.8) 

/ := ll/IU.<., + (/' (Mi(m|)Mdk(£)y *y < Cll/bya.,,,. 

Let us prove the opposite inequality. Using Theorem 5.3 and the Hardy inequality 
we obtain 

j_l I J ,\^k{f;Q{-,t))Lu\\Lp{s) \ dt . <: (J J 



\ It 

We also recall that by Proposition 3.12 ||/||lp(R") < so that 

||/||b|,(r")|s < II/IIb|,(r") ^ ll/IU,(R") + J< c(||/|U,(5) + /). 

Theorem 1.6 is proved. □ 
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Remark 5.5 The proof of Theorem 5.3 actually contains the following inequality: for 
every 1 < u < p < oo and f e Lu,ioc{S) 

cf. (5.9). This estimate was proved in [35], see also [36]. Using this inequality rather 
than the inequality of Theorem 5.3 one can prove that for < s < k, 1 < u < p < oo 
and < q < oo, 

ll/l|B;.(a.,. « ll/lk.,., + (/ [^^ii^pi^y 'if. (6.23) 

This version of Theorem 1.6 has been proved in [35]. For the case 1 < p = q < oo and 
s > is non-integer, description (5.23) was announced in [8]; see also [25], p. 211, for 
another proof of this result. 
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